By using the local-density approximation + dynamical mean-field theory approach, we study the low-energy electronic properties and the optical conductivity of the layered ruthenates Sr 2 RuO 4 and Sr 3 Ru 2 O 7 . We study the interplay of spin-orbit, crystal-field, and Coulomb interactions, including the tetragonal terms of the Coulomb tensor. We show that the spin-orbit interaction is multifaced; depending on the parameter regime, filling, and temperature, it can either enhance or reduce the effective strength of correlations. We compare the results based on the two common approximations for the screened Coulomb parameters, the constrained random-phase approximation (cRPA) and the constrained local-density approximation. We show that the experimental Drude peak is better reproduced by the cRPA parameters, hinting to relatively small mass renormalizations. We find that including the spin-orbit interaction is, however, important, for a realistic description. We show that Coulomb terms with tetragonal D 4h symmetry have a strong effect on the mass-enhancement anisotropy, but they do not affect sizably the total spectral function or the in-plane conductivity.
I. INTRODUCTION
The Ruddlesden-Popper perovskites Sr 2 RuO 4 and Sr 3 Ru 2 O 7 have exceptional electronic and magnetic properties, the first system being a possible realization of a p-wave superconductor [1] [2] [3] and the second displaying signatures of quantum-critical phenomena and nematic fluid behavior [4] [5] [6] . They are built of tetragonally elongated RuO 6 octahedra forming layers; the latter repeat along the c axis, separated by a distance and alternately shifted parallel to the ab plane; in Sr 2 RuO 4 the octahedra form single-layer and in Sr 3 Ru 2 O 7 ( Fig. 1 ) double-layer blocks. Due to their remarkable properties, these materials have been studied for decades .
Theoretically, the Ruddlesden-Popper ruthenates are especially intriguing because several competing interactions have similar strength. In such a situation it can become a challenge to disentangle the key mechanisms from the rest; indeed, our understanding of these materials was revised various times in the last decades. Due to the perovskite structure, the low-energy states have mostly Ru 4d t 2g character, with nominal configuration t 4 2g ; the tetragonal (D 4h ) distortion splits the t 2g states into a lower-energy xy singlet and a higher-energy (xz,yz) doublet; the crystal-field splitting ε CF = ε xz/yz − ε xy is small, however. The layered structure yields rather different bandwidths for the xy and (xz,yz) electrons, with W xy > W xz/yz . As first guess, one could naively think that 4d systems of this kind are already well described by density-functional theory in the local-density approximation. Ruthenates, however, surprise in many ways. Already early calculations based on dynamical mean-field theory suggested that they should be regarded as correlated systems [7] . Recent ab initio estimates of the average screened Coulomb repulsion [8, 9] show that the latter is comparable with the t 2g bandwidth, supporting the view of Sr ruthenates as correlated metals. Furthermore, experimentally, it has been found that when Sr is replaced by the isoelectronic Ca, the single-layered ruthenate becomes a Mott insulator below a critical temperature [11] . Later on, it was understood that the small crystal-field splitting ε CF and the bandwidth mismatch W xz /W xy ∼ 0.5 in Ca 2 RuO 4 are key to explain this Mott transition [12, 13] . Finally, in the last years it has been pointed out the remarkable role of the Hund's rule coupling J in enhancing the effective masses, thus making the ruthenates strongly correlated. This led to reclassify these systems as Hund's rather than Mott's metals [14] . Furthermore, an incoherent regime with quasilinear dependence of the scattering rate was identified [8] . Experimentally, sizable effective masses have been reported in Sr 2 RuO 4 [3, [15] [16] [17] , and even larger in Sr 3 Ru 2 O 7 [18, 19] . All these works have clarified essential aspects of the physics of the ruthenates, but others remain not fully understood, in particular, the effect of two interactions, the spin-orbit coupling and of tetragonal Coulomb terms, small but comparable with the crystal-field splitting and the hopping integrals.
It has been shown that already at the level of densityfunctional theory in the local-density approximation (LDA), the spin-orbit (SO) interaction plays a key role at the Fermi surface [20] [21] [22] . Accounting for the spin-orbit interaction within material-specific many-body models has been theoretically a challenge for a long time, in particular due to the infamous sign problem of quantum Monte Carlo (QMC) solvers for dynamical mean-field theory. Recently, we have generalized the continuous-time interaction-expansion (CT-INT) QMC solver to Hamiltonians of any symmetry, including the spin- orbit interaction and general Coulomb vertex; in the cases we studied, we could improve computational efficiency via appropriated basis choices [23, 24] ; the sign problem remains manageable in all calculations we performed so far. By using this approach, we have shown that, for a proper description of the Fermi surface of Sr 2 RuO 4 it is necessary to include the rotationally invariant [O(3)-symmetry] part of the Coulomb interaction plus the spin-orbit interaction. This is not sufficient, however. Small Coulomb terms with tetragonal (D 4h ) symmetry [23] turn out to be essential. The natural question that arises is if these effects and their interplay are crucial only at the Fermi surface, where the right symmetry is key, or if they also appear in different properties and at higher energies, and can be detected in other types of experiments. In that respect, photoemission spectra, effective-mass measurements, and optical conductivity experiments are particularly important because they are typically used in comparing theory and experiments, and in particular to estimate the actual strength of the Coulomb terms or the validity of a given method and approximation.
In this paper, we thus reanalyze the correlated electronic structure of single-and double-layered ruthenates in the light of these new insights. We do this treating on the same footing and within the same calculation scheme all relevant competing interactions: the crystal-field splitting, the hopping integrals, spin-orbit interaction, and the Coulomb vertex, including low-symmetry terms with tetragonal (D 4h ) symmetry. In particular, we examine low-and intermediateenergy properties such as effective masses and lifetimes, t 2g spectral functions, and optical conductivity. In addition, we compare results obtained with screened Coulomb parameters determined via the constrained random-phase approximation (cRPA) [8] , which often underestimates the Coulomb parameters, and the constrained local-density approximation approach (cLDA) [9] , which typically overestimates the Coulomb parameters, in order to identify which of these two typically adopted schemes yields more realistic values for layered ruthenates.
The paper is organized as follows. In Sec. II we describe the model and the approach we adopt, the LDA+DMFT method. In particular, we discuss how we deal with the spinorbit terms using the continuous-time interaction-expansion quantum Monte Carlo method in a t 2g Wannier basis, and how we calculate the optical conductivity tensor. In Sec. III we present the results. For O(3)-symmetric Coulomb tensor, cRPA parameters and without spin-orbit coupling our results are in line with previous works [8, 23, 25] . We discuss how the effective masses are modified by the spin-orbit interaction, and how the nonspherical Coulomb terms affect the effective-mass orbital anisotropy. We show that in order to describe the optical conductivity measurements it is important to account for the spin-orbit interaction. We show that in average quantities (e.g., the total spectral function) the effects of Coulomb tetragonal terms are minor. They are, however, very important for the mass-enhancement anisotropy, determining an orbitaldependent band narrowing [31] , and for the out-of-plane conductivity. We show that overall the cRPA parameters yield results in better agreement with currently available optical conductivity experiments and reported effective masses; the proper description of effective-mass anisotropy improves, however, if we explicitly account also for D 4h Coulomb terms. In Sec. IV we give our conclusions. Technical details of the calculations are explained in the Appendices.
II. MODEL AND METHOD
In order to calculate the electronic and transport properties of layered ruthenates, we use the local-density approximation plus dynamical mean-field theory (LDA+DMFT) approach [43] . First, we calculate the electronic structure in the localdensity approximation (LDA) by using the full-potential linearized augmented plane-wave method as implemented in WIEN2K code [44] . Then, via the maximally localized Wannier function method [45, 46] 
The diagonal terms are ε xz , ε yz , and ε xy , where ε xy = (ε xz + ε yz )/2 − ε CF , and where ε CF is the crystal-field splitting in the absence of spin-orbit interaction; the couplings λ x and λ y are the spin-orbit matrix elements between xy and xz/yz orbitals and λ z between yz and xz orbitals. For Sr 2 RuO 4 , the system with space group I 4/mmm and in which the Ru site symmetry is D 4h , ε xz = ε yz , δ z = 0, and ε CF = 121 meV; the tetragonal anisotropy of the spin-orbit couplings is small, i.e., the LDA values are λ x = λ y = λ xy = 100 meV and λ z = 102 meV. For Sr 3 Ru 2 O 7 , the symmetry of Ru sites is in principle lower (space group Ccca [47] , Ru site symmetry C 2 ). In practice, however, the Ru site has C 4 symmetry with tiny C 2 distortions; the C 2 splitting, ε xz − ε yz ∼ 1 meV, is negligible and the same is true for δ z ∼ 2 meV. The spin-orbit couplings are close to the Sr 2 RuO 4 values, with λ x − λ y ∼ 0, so that in the discussion we can use as parameters the average λ xy = (λ x + λ y )/2, and λ z = 106 meV, λ xy = 102 meV. The crystal-field splitting is ε CF = 109 meV. In both systems we find that the spin-orbit interaction affects mostly the onsite elements of the Hamiltonian. F 4 ), as appropriate for t 2g states [43] . For site symmetry D 4h or C 4 , the number of independent Coulomb parameters increases to six. In this work we will discuss in particular the effect of U = U xy,xy − U xz,xz and U = U xy,yz − U xz,yz , the most important terms. For Sr 2 RuO 4 , as already mentioned, the essential Coulomb integrals have been estimated ab initio both via the cLDA [9] and the cRPA approaches [8] . The first estimate yields U = 3.1 eV and J = 0.7 eV and the latter U = 2.3 eV and J = 0.4 eV. For Sr 3 Ru 2 O 7 , given the strong similarities between the two materials, in the lack of more specific estimates, we adopt the same values. The term H d.c. is the double-counting correction. For an O(3)-symmetric Coulomb interaction, H d.c. is a mere shift of the chemical potential; in the presence of low-symmetry Coulomb terms, the double-counting correction plays an important role. Here, we adopt the around-mean-field approximation for dealing with low-symmetry terms (the explicit form of H d.c. is derived in Appendix C); this approximation is particularly suited for studying strongly correlated metals which exhibit in LDA negligible orbital polarization, as it is the case for layered Sr ruthenates.
We solve the Hamiltonian (1) with DMFT using continuoustime interaction-expansion (CT-INT) quantum Monte Carlo [13, 48, 49] , explicitly including the spin-orbit coupling [23] . We perform calculations with a 6 × 6 self-energy matrix mσ,m σ (ω) in spin-orbital space. More specifically, we use the general implementation of CT-INT presented in Ref. [13] and extended to explicitly include the spin-orbit (SO) interaction in the solver in Ref. [23] . The choice of the one-electron basis influences the sign problem and numerical efficiency, as we have previously shown for the case of low-symmetry perovskites in the absence of spin-orbit interaction [50] . Here, the LDA+DMFT calculations with SO coupling are performed in the basis |m σ =T |m σ , where the unitary operatorT is chosen such that the local imaginary-time Green function matrix is real; sinceT only changes the phases but does not mix orbitals, in the discussion we will rename for simplicity |m σ as |m σ . For Sr 2 RuO 4 (D 4h symmetry), the transformation merely amounts to an extra (−1) σ π/2 phase for the |xz σ orbital; as it can be shown by using group theory (details are given in Appendix B), this is an exact procedure. For Sr 3 Ru 2 O 7 (C 2 symmetry), the xz and yz orbitals can in principle mix; however, since the Ru site has almost C 4 symmetry, as we already pointed out, the C 2 mixing is tiny and the optimal phase transformation is very close to the one for Sr 2 RuO 4 .
The conductivity tensor Re σ αα (ω) can be expressed as follows:
where the label α = a,b,c indicates the direction. We obtain 085141-3 the current-current correlation function ; thus, the local-vertex contribution to the current-current response function, which involves sums over k of the velocity matrix times an even function, vanishes. We perform the analytic continuation on the conductivity directly by using the f -sum rule to calculate the normalization factor. We employ two different analytic continuation methods, the maximum entropy method [51] and the stochastic approach of Mishchenko [52] , obtaining very similar results. Finally, to better analyze the results we additionally calculate the conductivity via a different approach. In the latter, we first obtain the self-energy on the real axis; to this end, we perform the analytic continuation of the auxiliary Green-function matrix
, whereμ is fixed such that the number of electrons is N e = 4; we obtain the real part of the Green function from the imaginary part by using the Kramers-Kronig relation. The conductivity is then obtained as
where f (ω) is the Fermi function and
is the transport function. The term A(k,ω ) is the spectralfunction matrix and the trace is always over the six spinorbital degrees of freedom. We find that the results of the two approaches are overall very similar.
III. RESULTS

A. Spectral function and quasiparticle masses
Let us start by analyzing the total spectral function of Sr 2 RuO 4 . This is shown in Fig. 2 for the two sets of interaction parameters, the one obtained via cLDA and the one calculated via cRPA. The differences between the results for the two parameter sets appear mostly in the position of the lower Hubbard band and the low-energy properties. The comparison with available photoemission and x-ray absorption spectroscopy experiments [9, [53] [54] [55] yields relatively good agreement in both cases, and, alone, does not allow a clear-cut discrimination between results obtained via the cRPA and the cLDA Coulomb parameter sets. The same conclusion can be reached for Sr 3 set of parameters is more realistic, we have to compare theory and experiments for additional properties; we will thus come back to this point at the end of the paper. In this section, we present results for both parameter sets. Figure 3 shows the orbital-resolved mass enhancement m * /m ∼ 1/Z and the quasiparticle scattering rate obtained as = −2Z Im (iω 0 ), in a wide range of temperature and for both Sr 2 RuO 4 and Sr 3 Ru 2 O 7 ; these calculations have been performed using an O(3)-symmetric Coulomb vertex, with and without spin-orbit coupling. Previous calculations with cRPA parameters and no spin-orbit interaction [8] are in line with our results for the same case. It is important to point out that, switching from the cRPA to the cLDA parameter set, not only places the two systems sizably more inside the strongcorrelation region, but it also yields a larger mass-enhancement anisotropy, defined as
) xz/yz ; we find that the latter increases by decreasing temperature. Figure 3 shows in addition that, on lowering the temperature down to 150 K, the spin-orbit interaction reduces the effective masses but not so much R M ; the effect is stronger in the calculations based on the cLDA parameter set, for which U is larger and the atomic excited S = 0 multiplet is higher in energy. The scattering rates are, instead, similar in all the cases we consider since the parameter dependence of Z and Im (iω 0 ) largely compensate each other; for the same reason, they are also very similar in the single-layered compound Sr 2 RuO 4 and in the double-layered system Sr 3 Ru 2 O 7 . Figure 4 shows the orbital-resolved spectral functions of Sr 2 RuO 4 and Sr 3 Ru 2 O 7 at T = 290 K. For Sr 2 RuO 4 , the xy and xz/yz quasiparticle peaks are suppressed increasing the Coulomb interaction parameters from (U,J ) = (2.3,0.4) eV to (U,J ) = (3.1,0.7) eV. Switching on the spin-orbit interaction yields only small changes in the spectral functions. In the case of Sr 3 Ru 2 O 7 , the spectral function is more orbital isotropic than in Sr 2 RuO 4 , both with and without spin-orbit interaction. This is reflected in the larger isotropy of the mass enhancement, that can be observed in Fig. 3 . Finally, the effect of the spin-orbit interaction turns out to be different at low and intermediate energies; at intermediate energy, it slightly increases the bandwidth renormalization. 
is the gap associated with the lth eigenvalue of the atomic Hamiltonian for four electrons. Dark circles: l = 0 (ground state). The point at which the line crosses the zero moves to higher energy when ε CF increases. Empty circles: excited doublet (l = 1). Gray symbols: next excited energies. Calculations were performed both for the cLDA (large symbols) and the cRPA (small symbols) parameters. Lines: results from the approximate formula described in the text.
Our results indicate that, indeed, in systems as the ruthenates, in which the strength of the spin-orbit coupling is comparable with the crystal-field splitting and the hopping integrals, the actual effect of the spin-orbit interaction is strongly dependent on details and the energy scales. This can be seen already in the atomic case, i.e., if we set the hopping integrals to zero. In such a limit we can calculate the gap analytically in the approximation in which only the lowest multiplet is taken into account, and couplings to higher-energy multiplets via the spin-orbit interaction are neglected (see Appendix D). This approximation is valid for spin-orbit couplings small compared to the Hund's rule coupling J , hence, it is slightly better suited for the cLDA than for the cRPA parameter set. In this limit, at T = 0 the atomic gap is given by
, where E 0 (N ) is the energy of the ground state for N electrons. Furthermore, the energies of the many-body states in the lowest-energy multiplet can be expressed as E l (N ) = E U,J (N ) + ε l (N ), where E U,J (N ) depends only on U and J , and ε l (N ) only on the spin-orbit couplings and the crystal-field splitting (see Appendix D). If we order the states such that ε l+1 > ε l , the zero-temperature gap takes then the simple form
2 . Figure 5 shows the T = 0 atomic gap (l = 0 plots) for isotropic spin-orbit couplings. For realistic values of λ, the exact result, obtained by diagonalization of the full atomic Hamiltonian (circles), is close to that obtained from the approximate expression given above (full line). Figure 6 shows the exact T = 0 atomic gap for anisotropic spin-orbit couplings. As it can be seen in the figure, the spin-orbit interaction, depending on the parameters, either reduces or enhances the gap; in particular, when δ = λ z − λ xy > 0, if the crystal field is large enough, the gap is reduced by the spin-orbit interaction, while if λ xy is much larger than λ z , the gap always increases. For crystal-field splitting and spin-orbit couplings corresponding to the cases of Sr 2 RuO 4 and Sr 3 Ru 2 O 7 , the parameters are very close to the contour line at which the sign changes, and δ ∼ 2-4 meV is small but positive. In addition, the three lower-energy N = 4 states are almost degenerate and thus form a quasitriplet, so that the effective degeneracy does not change; the energy difference between the ground state and the excited doublet is 1 = E 1 (N) − E 0 (N) ∼ 30 meV for Sr 2 RuO 4 and slightly larger in Sr 3 Ru 2 O 7 , hence, the excited doublet is occupied for temperatures above 300 K. This can be inferred from Fig. 5 , which shows, aside from the T = 0 gap, the differences
This yields the atomic gap when the excited state E l (N ) is thermally populated, with weight e − l /k B T . For l = 1,
2 . Figure 5 shows that 1 increases with increasing spin-orbit coupling λ, and eventually becomes very large compared to k B T . However, at room temperature, for a realistic λ ∼ 100 meV, we have 1 ∼ k B T and the atomic Green function poles corresponding to l = 1 have a sizable weight. Hence, already in the atomic limit, the effect of the spin-orbit interaction, both in terms of gap and effective degeneracy, is sensitive to the model details and temperature/energy scale. Switching on the hopping integrals, in Sr 2 RuO 4 , both in the absence and presence of SO interaction the system shows negligible orbital polarization p, with p = n xy − (n xz + n yz )/2, despite the relative large crystal-field splitting. This happens because the kinetic energy gain compensates, due to the layered structure, the crystal-field energy loss coming from the occupation of the high-energy N = 4 multiplets. In order to understand this effect, it is sufficient to calculate the sum of the crystal-field energy loss and the superexchange energy gain per site for xy orbital order, in the small t/U limit. Let us consider a site and a cluster made of its four nearest neighbors; in the atomic limit, its energy is 10ε CF when all sites are in the atomic ground state. The super-exchange energy gain yields For sufficiently large hopping integrals, the superexchange energy gain is strong enough to overcome the energy loss due to the extra crystal-field energy. If the energy difference between configurations is comparable with k B T , orbital fluctuations are strong and no orbital polarization is observed. This happens in the case of the ruthenates, where the kinetic and potential energy is large and the system remains metallic. For Sr 2 RuO 4 , the nearest-neighbor hoppings are, e.g., t xy ∼ 379 meV and t xz = t yz ∼ 292 meV; in the limit in which the local Coulomb interaction is negligible (LDA), the positive crystal-field splitting is overcompensated by the smaller xz/yz bandwidth, yielding a tiny but slightly negative orbital polarization p. This remains true also in the presence of spin-orbit interaction. Recently, it has been understood that the Hund's rule coupling can have a double-faced effect. Away from half-filling, on the one hand it reduces the atomic gap and on the other hand it decreases the effective Kondo energy scale [14] , by effectively reducing the orbital degeneracy; the latter is crucial for the actual strength of correlations, as was shown in Ref. [58] . The effect of the spin-orbit coupling is, in that view, even more complex. As we have seen, already in the atomic limit, depending on the regimes, for filling ground multiplet is only modified by the spin-orbit interaction at second order in λ/J ; here, we are assuming that, as typically the case for 3d and 4d systems, the ratio λ/J is small. Furthermore, in the absence of crystal-field interaction, the spin-orbit coupling decreases the effective degeneracy of many-body states. Thus, for a hypothetical t 4 2g system in which the crystal-field splitting is negligible and the spin-orbit interaction is isotropic, everything else staying the same, λ, by itself, yields an enhancement of the atomic gap and a reduction of the effective degeneracy; in this situation, the spin-orbit interaction would favor in the atomic limit a ground-state multiplet with total angular momentum j t = 0. If λ is, however, sufficiently large, higher-energy spin states mix with the ground multiplet and even the effect of the Hund's rule coupling is partially undone. Even more exotic cases could be obtained, e.g., in the hypothetical case in which the crystal-field splitting is finite and the spin-orbit anisotropy δ is large, so that the spin-orbit coupling sizably decreases the atomic gap. For the Sr ruthenates, where the crystal-field splitting is comparable to the spin-orbit interaction and the hopping integrals, as already observed, the effect is sensitive to parameters, energy scale, and the temperature. Figure 3 shows a reduction of the effective-mass enhancement down to 150 K, much smaller for cRPA than cLDA parameters. In Fig. 7 it may be seen that the difference in the spectral functions with and without spin-orbit interaction is small; at intermediate energies the correlated bands are, however, slightly more compressed in the presence of the spin-orbit interaction. At high temperature, the effect of spin-orbit interaction on masses and lifetimes becomes negligible.
B. Optical conductivity
The main theoretical results for the optical conductivity are shown in Fig. 8 , where they are compared with experiments [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] , and in Fig. 9 . LDA+DMFT cRPA calculations with no spin-orbit interaction (Fig. 8 , gray lines) are in line with previous similar calculations [60] . At high energy, the effect of increasing (U,J ) from the cRPA to the cLDA values is minor; the differences appear mostly in the low-and intermediateenergy and temperature regimes. Figure 8 shows that already at 290 K, compared to the cLDA result, the cRPA static inplane conductivity is sizably closer to the experimental value reported in Ref. [60] , σ d.c. ∼ 1.1 × 10 4 −1 cm −1 . Switching on the spin-orbit coupling yields only small changes at this temperature; at a first glance, the effect of the spin-orbit interaction appears, however, qualitatively different in cRPA and cLDA results. The cRPA conductivity with spin-orbit coupling is merely shifted downwards with respect to the one obtained without spin-orbit term. In the case of cLDA calculations, instead, there is a transfer of spectral weight from intermediate energy scale to the low-energy region, which produces a small enhancement of the Drude peak. This apparently qualitative difference turns out to be a shift of energy scale. Indeed, the effect of the spin-orbit interaction on the conductivity is strongly temperature dependent, as it can be seen by comparing the cLDA results at 290 and 150 K in Fig. 8 , and more in detail the results for several temperatures shown in Fig. 9 . At high enough temperatures, the spin-orbit interaction shifts downwards the static conductivity; on lowering the temperature, the Drude peak is progressively enhanced by the spin-orbit interaction, until eventually the curve with and without spin-orbit interaction cross. The crossing point takes place at lower temperatures/frequencies for the cRPA than for the cLDA parameters. When the temperature decreases down to 150 K, the calculations with spin-orbit interaction reproduce the experimental static conductivity (σ d.c. ∼ 3 × 10 4 −1 cm −1 [60] ) decisively better than those without spinorbit interaction. Furthermore, the 2πk B T foot (see Ref. [70] for theoretical discussion), emerging around 2πk B T ∼ 0.1 eV in the 150-K experimental data, is also better reproduced. This can be seen both in Figs. 8 and 9 . The effect of spin-orbit interaction is less dramatic for the c-axis conductivity σ c (ω). In the case of Sr 3 Ru 2 O 7 , we obtain a spin-orbit-driven enhancement of both the in-plane and out-of-plane conductivities. As for the single-layered compound, Fig. 8 shows that also for Sr 3 Ru 2 O 7 taking the spin-orbit interaction into account visibly improves the agreement with experiments [68, 69] , in particular at low frequencies. The figure additionally shows that the difference in magnitude between in-plane and out-of-plane conductivities decreases sizably with respect to Sr 2 RuO 4 , in line with previous observations [25] ; for Sr 3 Ru 2 O 7 , the value of σ c (ω) is only a factor 3 smaller than σ ab (ω) .
Next, we analyze how the various effects influence the optical conductivity. For Sr 2 RuO 4 , in all cases (see Appendix A) the effect of the spin-orbit coupling on the velocities or the LDA Hamiltonian is minor for the in-plane conductivity; the same conclusion can be drawn for the effect the spin-orbit-induced off-diagonal elements of the self-energy. The main change is due to the diagonal elements of the self-energy itself. The out-of-plane conductivity σ c (ω) behaves instead in a different way; the dominant effect arises from the velocity matrices; the next contribution is coming from the diagonal elements of the self-energy. Let us investigate the various contributions to the total conductivity. To this end, we split the transport function T (ω,ω ) into three terms, T (ω,ω ) = T intra + T inter + T mix . The first term includes all intraorbital transitions. The interorbital term is defined as
Finally, T mix includes all remaining processes involving offdiagonal elements of the spectral function and/or the velocity matrix. In the case of Sr 2 RuO 4 , in the absence of spin-orbit interaction, the self-energy matrix is by symmetry orbital diagonal, and so is the local spectral function, hence the term T mix yields a negligible contribution; furthermore, for the inplane conductivity the intraorbital contributions dominate (see Appendix A) and xz/yz and xy contributions are comparable. Thus, the static in-plane conductivity is approximatively given by Allen's formula [70, 71] 
,
is a weighted density of states. On lowering the temperature or decreasing (U,J ) the imaginary part of the self-energy progressively decreases; this leads to an increase of the Drude peak. Switching on the spin-orbit interaction further decreases the imaginary part of the self-energy (see Fig. 10 ), while the effective quasiparticle lifetimes τ changes much less (see Fig. 3 ). At 150 K, the imaginary part of the self-energy is still larger (in absolute value) than πk B T , and thus 1/τ ∼ 2πk B T , as Fig. 3 shows. We also find that the so-called incoherent regime [8, 25] , in which the scattering rate is almost linear in k B T , extends to a large-temperature window for all cases (Fig. 3 ). An additional important effect of the spin-orbit interaction is that it gives rise to finite off-diagonal terms of the self-energy and spectral-function matrix, which in turn give rise to an important contribution from T mix , in particular in the low-energy regime. At intermediate energy, these processes tend to decrease the final value, while at low frequencies, they have the opposite effect, i.e., they further contribute to the enhancement of the conductivity; this correspondingly enhances the foot at ∼2πk B T , signing the onset of the thermal regime [70] . The out-of-plane conductivity σ c (ω) behaves very differently. We find that the two main terms come, in this case spin-orbit interaction is switched on, the first term decreases and the second increases.
Remarkably, the total in-plane and out-of-plane transport functions are very different; already in the noninteracting case, the in-plane term has a much larger weight at low energy than the out-of-plane terms. Increasing (U,J ), the low-energy peak narrows, making the in-plane conductivity more sensitive to temperature changes. In the case of Sr 3 Ru 2 O 7 , both in-plane and out-of-plane terms have a sizable weight at zero energy; thus, the strength of the temperature effect is comparable for σ ab (ω) and σ c (ω).
In conclusion, for Sr 2 RuO 4 , overall our LDA+DMFT results are qualitatively in line with experiments both for cRPA and cLDA parameters, i.e., both parameter sets correctly reproduce the main features (a Drude-type peak and a broad high-energy tail). The static in-plane conductivity appears, however, better reproduced by the cRPA parameter set than by cLDA values, which yield too short lifetimes. Even within cRPA results, however, the experimental Drude peak remains higher than the theoretical one unless we include explicitly the effects of the spin-orbit coupling. The latter enhances the zero-frequency peak at low enough temperatures. Indeed, LDA+SO+DMFT results are in remarkably better agreement with currently available experiments than LDA+DMFT spectra; this indicates that, contrarily to what is often assumed, the spin-orbit interaction is important for the realistic description of low-energy properties probed via optical conductivity experiments, and in particular the imaginary part of the self-energy. Instead, the quasiparticle lifetimes are much less affected by details, in line with typical approximations [72] . For Sr 3 Ru 2 O 7 , we can similarly conclude that the spin-orbit interaction is necessary to reproduce correctly the experimental zero-frequency conductivity. Available experiments apparently differ among each other at finite frequency, however; further experimental investigation would be thus very important to finally settle the problem.
C. Effects of the tetragonal Coulomb terms
Up to here we have discussed results obtained with an O(3)-symmetric Coulomb vertex, the most commonly adopted approximation. Recently [23] , we have shown that the D 4h - symmetric Coulomb terms strongly affect the shape of the Fermi surface of Sr 2 RuO 4 . Here, we analyze the effect of Coulomb anisotropy on the spectral function, the effective masses, and the optical conductivity. We first focus on the case of Sr 2 RuO 4 and perform LDA+SO+DMFT calculations for a range of U between 0 and 0.45 eV, and 0 U U/3; since the parameter U affects only weakly the results, here we will discuss mainly the effects of U . The cRPA value is U = 0.3 eV, and lies in the middle of the range of values that we consider. There are at present no available cLDA-based results, but it is likely that the cLDA value of the Coulomb tetragonal anisotropy is slightly larger than the cRPA one; since (U,J ) are about a factor 1.3-1.7 larger in cLDA, we can expect that, correspondingly, U ∼ 0.30-0.45 eV in cLDA. The key results are shown in Figs. 11 and 12 . Figure 11 shows that the average spectral functions do not change so much with increasing U , while the orbital-dependent spectral functions exhibit a (small) weight transfer from the xy to the xz/yz states. More important, with increasing U the effective mass of the xy orbital increases, while that of the xz/yz orbital decreases (Fig. 12) ; remarkably, the average mass enhancement remains instead almost constant. For the in-plane conductivity, although the relative contribution of different orbitals changes with increasing U , the change in the total is very small, below 2% when U increases from 0 to 0.45 eV. A larger effect can be seen in the out-of-plane conductivity, due to the fact that in this case are mostly the xz/yz terms (intraorbital and interorbital) that contribute. All together, this shows that the tetragonal Coulomb repulsion anisotropy has a large impact not only at the Fermi surface of Sr 2 RuO 4 [23] . It reduces the out-of-plane conductivity and enhances visibly the effective-mass orbital anisotropy. Experimentally, relatively large mass anisotropy has been reported [3, [15] [16] [17] 31] . The effective masses and their anisotropy obtained in calculations with cRPA parameters are closer to reported experimental values than those obtained with cLDA parameters; the agreement between cRPA calculations and experiments tends to improve, however, when we account for the effect of D 4h Coulomb term. The correlated band structure with and without D 4h terms is shown in Fig. 13 .
For the double-layered Sr 3 Ru 2 O 7 larger masses than for Sr 2 RuO 4 have been reported [5, 18, 19, 73] . Our cRPA-based results with O(3) Coulomb vertex already reproduce well this trend, as can be seen in Fig. 3 ; similar calculations yield analogous conclusions [25] . Furthermore, we find only a weak orbital dependence in the effective masses. The effect of the spin-orbit interaction is, down to 150 K, similar to what we find for the single-layered ruthenate. For what concerns Coulomb tetragonal terms, to the best of our knowledge, cRPA/cLDA estimates of U are not yet available. Using the values of U reported for Sr 2 RuO 4 , similar conclusions concerning the effects of tetragonal Coulomb terms hold for the doubleand single-layered ruthenate. A negative U would, on the other hand, reduce the effective-mass anisotropy or even, if sufficiently large, reverse its sign. Finally, we find that for both materials the effect of U is much weaker not only in photoemission spectra, but also in the in-plane optical conductivity, i.e., in experiments in which an average of the contributions of the different orbitals is probed.
IV. CONCLUSIONS
In this work, we investigate the low-energy electronic properties and the optical conductivity of Sr 2 RuO 4 and Sr 3 Ru 2 O 7 . We adopt the LDA+DMFT approach and use a generalized continuous-time interaction-expansion quantum Monte Carlo solver. We study the effects of the spin-orbit interaction and of the tetragonal D 4h Coulomb terms, as well as their interplay with hopping integrals, crystal-field splitting, and O(3)-symmetric Coulomb interaction. In the first part of the paper we perform calculations with the O(3)-symmetric Coulomb vertex. We compare results obtained using different screened Coulomb parameter sets, one calculated via the constrained random-phase approximation approach [8] and the other via the constrained local-density approximation method [9] . This is important because it remains to date unclear which of these two approximated methods yields, in general, more realistic values of screened Coulomb parameters for LDA+DMFT calculations. The first method typically underestimates and the second method often overestimates the Coulomb parameters; this is in part due to the fact that in cRPA more screening channels are included [74] . The two approaches thus provide the interval in which realistic Coulomb parameters can vary. We show that, in the case of layered ruthenates, the cRPA-based results better describe currently available electronic transport data, in particular the static conductivity and the thermal regime. We show that, however, for a realistic description of the ruthenates, including the spin-orbit interaction is important. We show that in t 2g systems, the spin-orbit interaction can either increase or decrease the strength of correlation effects, depending on the parameters, the filling, and the energy scale. For the layered ruthenates, we find that down to 150 K the spin-orbit interaction partially reduces the mass enhancements and the low-frequency imaginary part of the self-energy, and thus enhances the optical conductivity. In the last part of our work we study the effects of the Coulomb tetragonal terms; in Sr 2 RuO 4 , the latter further enhance the ratio between the xy and xz/yz mass renormalization, improving the agreement with available experiments. Instead, the effects of the tetragonal Coulomb term U is small in averaged quantities such as the in-plane conductivity and the total spectral function. These conclusions also apply to Sr 3 Ru 2 O 7 ; for the latter, materialspecific estimates of U are, to the best of our knowledge, not yet available, however. At a more general level, we conclude that both the low-symmetry screened Coulomb terms and the spin-orbit interaction can have a visible impact on low-energy properties. Thus, for systems in which they are comparable with other energy scales, these interactions should not be neglected even if they are difficult to be accounted for. This is in particular crucial when the aim is to identify the signatures of nonlocal physics, separating them from the effects which are already well described by the local self-energy approximation.
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Calculations have been done on the Jülich Blue Gene/Q. We acknowledge financial support from the Deutsche Forschungsgemeinschaft through the Research Training Group 1995. For the latter we use different approximations, consisting in replacing in the expression of the conductivity some terms with others. The figure shows, in particular, that the frequency dependence of σ ab (ω) is not affected in a relevant way either by the velocities or by the off-diagonal elements of the self-energy. The main difference between the results with and without spinorbit interactions comes instead from the diagonal elements of the self-energy themselves, and their modification due to the spin-orbit interaction. Remarkably, the conclusion is not the same for the out-of-plane conductivity σ c (ω), for which the velocity element of matrix plays a key role. If the elements of matrices are set to one, the out-of-plane conductivity coincides with the in-plane conductivity. As for the in-plane conductivity, the effect of the spin-orbit coupling on the spectral function, instead, enters mostly via the diagonal terms of the self-energy.
In Fig. 15 we show the in-plane contribution split into its most important components. Here, it may be seen that the effect of spin-orbit is twofold. First, it yields finite interorbital and mixed terms. Second, it enhances the contribution of the xz and yz intraorbital terms with respect to the contribution of the xy intraorbital term. This leads to an enhancement of the Drude peak and of the static conductivity, but also to a more pronounced foot at ∼0.1 eV.
APPENDIX B: SYMMETRY PROPERTIES OF LOCAL OPERATORS
Let us consider a Hermitian quadratic local operatorÔ expressed in the t 2g basis {mσ }. This type of operator has a unique structure if the site symmetry is D 4h , C 4 , or C 2 . To derive this general form, we use the properties of the double groups associated with the point groups given above. Let us start with the group D 4h . In the absence of spin-orbit interaction, the irreducible representations of D 4h in which the cubic t 2g representation split are b 1g (xy) and e g (xz,yz); this means that xy and (xz,yz) states do not couple, and the (xz,yz) states are degenerate, hence, only theÔ xyσ,xyσ = o b 1g andÔ xzσ,xzσ =Ô yzσ,yzσ = o e g elements are nonzero. In the presence of spin-orbit interaction, the relevant irreducible representations are the 6 and 7 , both twofold degenerate. The states |7 σ = |xy σ and |7 σ = 
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The second term, the off-diagonal part, is zero in the absence of spin-orbit interaction. In the presence of spin-orbit interaction it takes the formÔ This shows that, in order to make real any D 4h -symmetric local operator of this type, it is sufficient to introduce an extra (−1) σ π/2 phase for the |xz σ orbital. In the case of point group C 4 , nothing changes; in the absence of spin orbit, the cubic t 2g split into b (xy) and e (xz,yz) irreducible representations, and a local operator has the same structure as in the D 4h case. In the C 2 case, however, the situation is more complex since there is only one spinor irreducible representation 5 . The corresponding matrix for a local object is given byÔ + δÔ, whereÔ =Ô 0 +Ô 1 , provided that we replace o 7 → o 5 , o 6 → o We find that for Ru sites the elements of δÔ are negligible in Sr 3 Ru 2 O 7 , and that thus basically the same structure holds for a Ru-centered local operator as in Sr 2 RuO 4 .
APPENDIX C: HARTREE-FOCK LIMIT OF THE SELF-ENERGY AND DOUBLE-COUNTING CORRECTION
In the large-frequency limit, the DMFT self-energy equals the Hartree-Fock self-energy. The latter can be calculated from the Hartree-Fock Hamiltonian In the formulas above the parameter n = n xy + n xz + n yz = 4 is the number of electrons and the parameter p = n xy − (n xz + n yz )/2 is the orbital polarization; here, we have defined for simplicity n m = n ↑↑ mm + n ↓↓ mm . We can now use these results to calculate the double-counting correction for the nonspherical terms. For metallic systems with negligible orbital polarization, it is reasonable to assume that LDA describes very well the average Coulomb interaction in the around mean-field approximation. This corresponds to the term 
APPENDIX D: ATOMIC MULTIPLETS AND THEIR ENERGIES
In the atomic limit, the ground-state multiplets in the presence of the spin-orbit interaction are listed below; we neglect intermultiplet couplings due to the spin-orbit interaction. This 085141-12
